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Abstract
We modify some of the conditions of the theorem to make it more applicable.
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The author in [1] obtained a set of sufficient conditions for a series ∑an summable
|N¯,pn|k to be summable |T |k , k  1, where T is a nonnegative lower triangular matrix
with row sums one.
Although that theorem is correct, the conditions stated there do not enable one to prove
Corollary 2 of that paper. (The error occurs in the calculation of J4 on p. 88.) The proofs
of Corollaries 3 and 4 use Corollary 2, but they do not use the new conditions (iv)–(vi), so
their proofs are correct.
Given a lower triangular matrix T one can define matrices T¯ = (t¯ni ) and Tˆ = (tˆni ) by
t¯ni =
n∑
r=i
tnr and tˆni = t¯ni − t¯n−1,i ,
respectively.
A lower triangular matrix T is called a triangle if tnn = 0 for each n. The forward
difference operator is denoted by ∆ and is defined by ∆un = un − un+1 for any se-
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quence {un}. The notation ∆itni means tni − tn,i+1. As in [1], a series ∑an, with partial
sums {sn}, is said to be summable |T |k , k  1, if
∞∑
n=1
nk−1|∆tn−1|k <∞, (1)
where
tn :=
n∑
k=0
tnksk.
The amended theorem is the following.
Theorem 1. Let T be a triangle satisfying
(i) tni  tn+1,i , n i, i = 0,1, . . . ,
(ii) Pntnn =O(pn),
(iii) t¯n0 = t¯n−1,0, n= 1,2, . . . ,
(iv)
n−1∑
i=0
tii |tˆn,i+1| =O(tnn),
(v)
∞∑
n=i+1
(ntnn)
k−1|∆itˆni | =O
(
ik−1(tii )k
)
,
(vi)
∞∑
n=i+1
(ntnn)
k−1|tˆn,i+1| =O
(
(itii)
k−1).
Note that conditions (iv)–(vi) have been altered. Therefore the estimates for J2 and J3
need to be reproved. For convenience of notation we have replaced tni − tn−1,i with the
equivalent expression ∆itˆni .
From [1, p. 86],
J2 =O(1)
∞∑
i=1
(
Pi
pi
)k
|∆Zi−1|k
∞∑
n=i+1
(ntnn)
k−1|∆itˆni |.
Using (v), (ii), and (1),
J2 =O(1)
∞∑
i=1
(
Pi
pi
)k
ik−1tkii |∆Zi−1|k =O(1)
∞∑
i=1
ik−1|∆Zi−1|k =O(1).
Using (iv), (vi), and (1),
J3 =
∞∑
n=1
nk−1|Jn(3)|k =
∞∑
n=1
nk−1
∣∣∣∣∣
n−1∑
i=1
tˆn,i+1∆Zi−1
∣∣∣∣∣
k
=
∞∑
n=1
nk−1
(
n−1∑
i=1
(tii )
1−k|tˆn,i+1||∆Zi−1|k
)(
n−1∑
i=1
tii |tˆn,i+1|
)k−1
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=O(1)
∞∑
n=1
(ntnn)
k−1
n−1∑
i=1
(tii)
1−k|tˆn,i+1||∆Zi−1|k
=O(1)
∞∑
i=1
(tii)
1−k|∆Zi−1|k
∞∑
n=i+1
(ntnn)
k−1|tˆn,i+1|
=O(1)
∞∑
i=1
(tii)
1−k|∆Zi−1|k(itii)k−1
=O(1)
∞∑
i=1
ik−1|∆Zi−1|k =O(1).
Corollary 2. Suppose that {pn} and {qn} are positive sequences such that
(i) qnPn
pnQn
=O(1),
and
(ii)
∞∑
n=i+1
nk−1qkn
QknQn−1
=O
(
(iqi)
k−1
Qki
)
.
Then, if ∑an is summable |N¯,p|k , it is summable |N¯ , q|k, k  1.
Proof. With T = (N,q), conditions (i) and (iii) of the theorem are automatically satisfied.
Condition (ii) of the theorem reduces to condition (i) of Corollary 2.
For a weighted mean method, from [1, p. 88],
tˆn,i+1 = qnQi
QnQn−1
.
Therefore
n−1∑
i=0
tii |tˆn,i+1| =
n−1∑
i=0
qi
Qi
qnQi
QnQn−1
= qn
QnQn−1
n−1∑
i=0
qi = qn
Qn
= tnn,
and condition (iv) is satisfied.
Using (ii) of Corollary 2,
∞∑
n=i+1
(ntnn)
k−1|tˆn,i+1| =
∞∑
n=i+1
(
nqn
Qn
)k−1 qnQi
QnQn−1
=QiO
(
(iqi)
k−1
Qki
)
=O
((
iqi
Qi
)k−1)
=O((itii)k−1),
and (vi) is satisfied.
∆itˆni = tˆni − tˆ,i+1 = qnQi−1
QnQn−1
− qnQi
qnQn−1
=− qiqn
QnQn−1
.
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Thus, using condition (ii),
∞∑
n=i+1
(ntnn)
k−1|∆itˆni | =
∞∑
n=i+1
(
nqn
Qn
)k−1
qiqn
QnQn−1
= qi
∞∑
n=i+1
nk−1
(
qn
QnQn−1
)k 1
Qn−1
=O
(
ik−1
(
qi
Qi
)k)
=O(ik−1tkii),
and (v) is satisfied. ✷
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